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Abstract. Using the lamination theory developed by Colding and Minicozzi 
for sequences of embedded, finite genus minimal surfaces with boundaries going 
to infinity [5] , we show that the space of genus-one helicoids is compact (modulo 
rigid motions and homotheties) . This generalizes a result of Hoffman and 
White E]. 



1. Introduction 

We investigate the finer geometric structure of complete, one-ended, genus-g 
minimal surfaces embedded in R 3 . Recall that Corollary 1.3 in [5] determined that 
every such surface, the space of which we denoted by 8(1, g), is asymptotic to a 
helicoid and hence the terminology "genus-g helicoid" is warranted. We approach 
this by showing certain compactness properties for £(l,g) which will allow us to 
further bound the geometry of genus-g helicoids. For technical reasons, it is much 
simpler to treat the case g — 1, which we do in this paper. The compactness 
properties of £(1, g) for g > 2 will be discussed in [I]. 

Our main result shows that (after suitably normalizing) the space of genus-one 
helicoids is compact. This generalizes a result of Hoffman and White [12] in which 
they show compactness for the space of symmetric genus-one helicoids (i.e. genus- 
one helicoids that contain two coordinate axes). Our result establishes a connection 
between the asymptotic geometry of a genus-one helicoid and the geometry of the 
handle. Whether such compactness holds in £(l,g) when g > 2 is still unclear. 

Theorem 1.1. Let E; £ £(1,1) with each E^ asymptotic to H, a fixed helicoid. 
Then, a sub-sequence converges uniformly in C°° on compact subsets of R 3 with 
multiplicity one to E^ £ £(1, 1) U {H} with Eoo asymptotic to (or equaling) H. 

Remark 1.2. Translations along the axis show how H may occur as a limit. 

To prove this, we develop a more general compactness result used also in pQ. We 
consider a sequence Ej £ £(l,g,Ri), where Ri — > oo, that has uniform extrinsic 
control on the position and size of the genus. Here £(e,g,R) denotes the set of 
smooth, connected, properly embedded minimal surfaces, E C R 3 , so that E has 
genus g and <9E C dBn(0) is smooth and has e components. We show the sequence 
Ej has uniformly bounded curvature and so contain a convergent sub-sequence. 

Theorem 1.3. Suppose Ej £ £(l,g,R{) are such that 1 = r_(Ej) > ar+ (Ej), the 
genus of each Ej is centered at and Ri — > oo. Then a sub-sequence of the Ej 
converges uniformly in C°° on compact subsets of R 3 and with multiplicity one to 
a surface E^ £ £(l,g) and 1 = r_(Eoo) > ar+(Eoo). 
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For the meaning of r+(S),r_(E), see Definitions 13.11 and 13.31 Roughly, r+(£) 
measures the extrinsic spread of the handles of £, while r_(S) measures the size 
of the smallest handle. When g — 1, as r_(S) = r+(£), rescaling arguments make 
Theorem 11.31 particularly strong. For example, it allows one to give a description 
of elements of £(1,1, R) which have r(£) small relative to R. This is Theorem 
14.31 which says such a surface is close, in a Lipschitz sense, to a piece of a genus- 
one helicoid. This is comparable to the description of the shape of an embedded 
minimal disks near a point of large curvature given by Theorem 1.1 in [3J. 

The proof of Theorem 11.31 uses extensively the structural theory for embedded 
minimal surfaces of Colding and Minicozzi [3 [6j [3 [H [9J . In particular, we make use 
of three important consequences of their work: the one-sided curvature estimates - 
Theorem 0.2 of [9]; the chord-arc bounds for minimal disks- Proposition 1.1 of [ID] : 
and, most importantly, their lamination theory for finite genus surfaces - Theorem 
0.9 of [5]- As our proof depends most critically on this last result, we discuss it in 
some detail in Appendix |A1 below. In particular, we summarize Theorem 0.9 of [5] 
as Theorem IA.3I 

Let us briefly outline the structure of the paper. In Section [21 we prove uniform 
curvature bounds for sequences of minimal surfaces from a larger class than that 
of Theorem 11.31 These surfaces have uniformly finite topology normalized so that, 
intrinsically, the topology does not concentrate or disappear. As a consequence, 
we deduce smooth sub-sequential convergence to a complete, embedded minimal 
surface in R 3 . This result is more general than Theorem 11.31 and consequently 
there are more possibilities for the limit surfaces. While it is implicit in work of 
Meeks, Perez and Ros [321 Q3], we give our own proof: 

Theorem 1.4. Let £j £ £(e,g,Ri) (e,g > 1) be such that £ £j, inj s < > 1, 
inj £i(0) < A and Ri — > oo. Then a sub-sequence of the £j converge smoothly 
on compact subsets o/R 3 with multiplicity one to a non-simply connected minimal 
surface in Ui< k <e+g,a<i< g £(k,l). 

We will prove Theorem 1 1.41 by using the lamination theory of Colding and Mini- 
cozzi. The key fact is that the weak chord-arc bounds (i.e. Proposition 1.1 of [ID] ) 
allow us to show that the sequence E< is ULSC, Uniformly Locally Simply Con- 
nected (see Definition I A. 1 1 below) . That is, there is a small, but uniform, extrinsic 
scale on which the sequence is simply connected (the uniform lower bounds for 
the injectivity radius provide such a uniform intrinsic scale). This allows the local 
application of the work of Colding and Minicozzi for disks. 

The uniform upper bound on the injectivity radius at implies the existence of 
a closed geodesic, ji, in each £j, close to and with uniformly bounded length. 
Using the 7* and the lamination theorem, we establish uniform curvature bounds on 
compact subsets of M 3 for the sequence. Indeed, suppose one had a sequence with 
curvature blowing-up; then a sub-sequence would converge to a singular lamination 
as in [5] . The nature of the convergence implies that any sequence of closed geodesies 
in the surfaces, which lie in a fixed extrinsic ball, must converge (in a Hausdorff 
sense) to a subset of the singular axis; in particular this is true of the 7^. However, 
this must contradict certain chord-arc properties of the surfaces and thus cannot 
occur. The uniform curvature bounds, together with Schauder estimates and the 
Arzela-Ascoli theorem then prove Theorem ll.4l 

In Section [3~2l we use Theorem ll.4l to deduce that, for sequences in £(l,g,Ri), 
as long as the genus stays inside a fixed extrinsic ball and does not shrink off, then 
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one has convergence to an element of 8(1, g). Indeed, with such uniform control, 
the no-mixing theorem of [5] gives a uniform lower bound on the injectivity radius 
and so Theorem 11.41 applies ; that the genus remains in a fixed ball implies that the 
limit surface must belong to £(1, g). The proof of this gives Theorem 1 1.31 In order 
to show our main application, i.e. Theorem II. 1[ which we prove in Section [4. 1[ we 
couple Theorem 1 1 . 31 with the fact that the surfaces are asymptotic to helicoids. The 
connection between the convergence on compact subsets of R 3 and the asymptotic 
behavior at the end is made using the holomorphic Weierstrass data. 

Throughout, we denote balls in M 3 , centered at x with radius r, by B r {x), while 
intrinsic balls in a surface, E, are denoted by B^(x). The norm squared of the 
second fundamental form of E is \A\ 2 . At various points we will need to consider 
E [~l B r (x) and when we do so we always assume 8B r (x) meets E transversely. 

2. Curvature bounds at the Scale of the Topology 

As mentioned in the introduction, the lamination theory of [5 proves crucial 
for the proof of Theorem 11.41 Indeed, this implies that there is a sub-sequence 
with either uniform curvature bounds or one of two possible singular convergence 
models. In the latter simple topological argument will rule out one singular 

model and so imply that the sequence behaves like the blow-down of a helicoid - 
i.e. like Theorem 0.1 of [9j. This contradicts the upper bound on the injectivity 
radius at the origin, which proves the desired curvature bounds. 

2.1. Technical lemmas. In order to obtain the curvature bounds, we will need 
four technical lemmas. We first note the following simple topological consequence 
of the maximum principle: 

Proposition 2.1. Let E £ £(e,<?, i?) and suppose B r (x) C Br. Then, for any 
component Eo of E (~l B r {x), <9Eo has at most g + e components. 

Proof. Let Ej, 1 < i < n, be the components of E\Eo. The Ej are smooth compact 
surfaces with boundary, and so (9Ej is a finite collection of circles. Thus, the 
Euler characteristic satisfies x(S) = X^nX^i)- By the classification of surfaces, 
x(S) = 2 — 2g — e and x(^«) = 2 — Igi — ej where gt is the genus of Ej and ej 
number of components of <9Ej. Note that, J2i=o9i — 9 anc ^ S"=i e * = eo + e. Thus, 
we compute that eo = n + g — Y^i=o 9* • The maximum principle implies that n < e 
(as any Ej, for i > 1, must meet OBr). Thus, eo < e + g. □ 

Next we note it is impossible to minimally immerse a (intrinsically) long and 
thin cylinder in K 3 : 

Lemma 2.2. Let T be a minimal surface with genus g and with dT — 71 U72 where 
the 7j are smooth and satisfy J 1 + \k g \ < C\ . Then, there exists C2 — C*2(<?, C\) 
so that distr(7i,72) < C2. 

Proof. It is clear that there are points pi,p2 G M 3 so that % C Bc\ (pi). Thus, up to 
rotating and translating T, 7^ C {x\ + x\ < Cf } and so by the convex hull property, 
r itself lies in this cylinder. Notice that |Vdist§2 (n, no)| < |^4| (here n is the normal 
to r) and so there exists a uniform constant 5q so that if ssupg s ( p ) |A| < 5q then 
B s (p) can be expressed as a graph over T p T where the graph has gradient < 1/100. 
Indeed, for such a p if q e B s (p) then \q — p\ > ^distr(p, q). We refer the reader 
to Section 2 of for more details. Thus, if p e T with B^cAp) H dT — and 
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4Ci supg 4Ci ( p ) \A\ < Sq then BacAp) cannot lie in the cylinder {x 2 + x 2 < C* 2 }. 
We claim that if distr(7i, 72) wa s very large we could find such a p yielding the 
desired contradiction. 

We use the intrinsic version of a result of Choi-Schoen [?j on T. That is, there 
exists a universal e > so that if B s (p) C T is disjoint from dT and J g |^4| 2 < <5e 
then supg s _ t ( p ) t 2 |A| 2 < 5. We emphasize that s is not a priori restricted to be 
smaller than inj r(p)- By the Gauss-Bonnet theorem, J r \A\ 2 < 8ng + 4Ci = C[. 

32C' C 

If distr(7i,72) > — W — - then by the pigeonhole principle, there is a p € F so 
that iBsCi(p) H 9r = and J* Bgo ,> |^4| 2 < <5 2 e. The Choi-Schoen theorem and the 

320' o 

conclusion of the preceding paragraph then imply that C 2 < — — - • O 
We need that minimizing geodesies in almost flat surfaces are almost straight: 

Lemma 2.3. Let u : D 3 / 2 {ty ~ > ^ an d let E be the graph of u. Then for any 
5 > there is an e > so: if ||u||c 2 < £ and 7 C E a minimizing geodesic with 
d"f = € 9Bi(0) satisfies 7 fl S £ (0) 7^ 0, then there is a line £ L so that 

the Hausdorff distance between 7 and L n -Di(O) is /ess i/ian 5. 

Proof. Fix 5 > and suppose this result was false. Then there is a sequence of E, 
and Ui with Ui — > in C 2 and points connected by minimizing geodesic 7, C Ej 
meeting £> e; (0) where 1 > ej — > 0, but the conclusion of the lemma does not hold. 

Chord-arc bounds for graphs with small C 1 bounds imply distil (p\_ , p l _ ) > 1/2. 
Letting -> 0, we get p l ± ^ _p± € <9L>i(0) and \p™ - p+\ > 1/2. Now, let L be 
the line connecting p^. We claim that £ I. If not, then £(L n L>i(0)) = 2 - 4a 
for some a > 0. Let Li be the graph (of Ui) over L n L>i(0), so Li is a segment 
that is a subset of Ej. Clearly, for some io, i > io implies distj^ (p±, Li) < a 
and t{Li) < £(L H £>i(0)) + a; and thus, £(7,) < 2 - a. On the other hand, the 
hypotheses give a G 7, with — > 0. Thus, by possibly increasing io, for i > io, 
£{li) > 2 — a. Similar arguments show, for i large, L n -Di(O) must be Hausdorff 
close to 7i, yielding the desired contradiction. □ 

Our final technical lemma shows that, for a ULSC sequence Ej converging to a 
minimal lamination with a single singular line, any closed geodesies in the Ej that 
lie in a fixed extrinsic ball must collapse to the singular set. 

Lemma 2.4. Fix A > 0. Suppose Ej G £(e, g, Ri), Ri — > 00, the Ej converge to 
the singular lamination C with singular set S = S u i sc in the sense of Theorem 0. 9 
of [3], and that S is the x^-axis. Then, given e > there exists an io so that for 
i > *0; if 7t * s fln embedded closed geodesic in Ej, ™t/i 7, C -Ba? i/ien 7$ C T e (S), 
the extrinsic e-tubular neighborhood ofS. 

Proof. Suppose the lemma was not true; then there exists a sub-sequence of the Ej 
so that ji intersects K e — Ba(Q)\T £ (S). Choose pi € 7i fl so that x 2 + x?; = p 2 
achieves its maximum on 7.; at pi. After possible passing to a further sub-sequence, 
Pi — * Poo € if e with p 2 (jpoo) > £• Translate so that £3 (poo) = 0. The convergence of 
5j implies that for sufficiently large i, the component Ti of -B e /2(Poo)nEj containing 
Pi converges smoothly, as a graph, to the disk S e /2(poo) H {23 = 0}. Let 7- be the 
component of B e / 2 (poc) H 7, containing £>j with boundary points q i . 

For a given <5 > 0, there exists i large so that Ti, 7- satisfy the hypotheses 
of Lemma [2.31 (after a rescaling). Notice that for large i, Ti is very flat and in 
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Figure 1 . The points of interest in the proof of Lemma 12.51 



particular is geodesically convex; hence 7^ is the minimizing geodesic connecting 
qf . If Li is the line given by the lemma, 7,' lies in the (5-tubular neighborhood of 
Li n_D e /4(poo). By passing to a sub-sequence, the 7- converge to a segment of a line 
L in {0:3 = 0} that goes through p^. Because {X3 = 0} is transverse to the axis of 
the cylinder {y G R 3 \p 2 (y) < p 2 (poo)} and poo is on the boundary of this cylinder, 
L cannot lie entirely within it. However, this implies there are points qt € ji with 
lmij^oo p 2 {qi) > p 2 (j> 'oo), giving a contradiction. □ 

2.2. Proof of Theorem 11.41 We apply the preceding lemmas in order to show 
uniform curvature bounds. We note that similar techniques are used by Meeks and 
Rosenberg in [15] to achieve different results: 

Lemma 2.5. Let E; g £(e,g,Ri) be such that £ Ej, inj s i > 1, inj £i(0) < A 
and Ri — > 00. Then a sub-sequence of the E^ satisfy, for any compact K, 

(2.1) sup sup \A\ 2 < 00. 

Proof. If this was not the case then by the lamination theorem of [5] a sub-sequence 
of the E^ would converge to a singular lamination C For any x € Ej with |x| < Ri/2, 
the injectivity radius lower bound and the weak chord-arc bounds of 10J imply that 
there is a 5q > so the component of Bg (x)n'Ei containing a; is a subset of B 1 J 2 (x). 
For any fixed x € M 3 , as long as i is large enough so < Ri/2, this implies that 
every component of Bg (x) n Ej is a disk. Thus, the sequence of Ei is ULSC and so 
S = Suisc. Hence, after rotating if needed, C — {x 3 — t} teR and S is parallel to the 
^3-axis and consists of either one or two lines. By Remark I A. 41 and Lemma [27X1 we 
see that S must consist of exactly one singular line. We next rule out any singular 
behavior. The injectivity bound at and the non-positive curvature of E^ imply 
the existence of € 7- c E,, a geodesic lasso (i.e. a closed curve that is a geodesic 
but for at most one point) with £(7-) < 2A. The length bound implies 7- C i?3A- 
The fact that E^ has non-positive curvature implies that 7! is not null- nomotopic. 
We may minimize in the homotopy class of 7^ to obtain a closed geodesic 7$; note 
that Lemma 12.21 allows us to do this even though E^ has boundary that is not a 
priori convex. Indeed, either 7- intersects ji and so ji C B 6 a or, as < 
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Figure 2 . Illustrating the consequence of the one sided curvature estimates 



Lemma \2 . 2 1 implies that distjv (7,-, ji) < C for some large (but uniform) C, and so 

Ji C B(C+6)A(0). 

Now for e > 0, let T e (S) be the extrinsic e-tubular neighborhood of S. Lemma 
12.41 then implies there is an i e so that for all i > i e , 7, C T e (S). 

For each i, fix pi £ 7,; so that xs(pi) = min {x^{p) : p £ 7$}, i.e. the lowest point 
of 7j. Then a sub-sequence of the pi converge to p^ € S. Let p + be the point of 
intersection dBg / 2 (poo) C\S, chosen so X3(p+) > X3(poo) with Sq as before. Pick i$ 
large enough so for i > io, {p^ — Pi\ < So/A. The choice of So implies that 7.; is not 
contained in -Ba /2(Poo); but for i > io, 7i meets this ball. Let 7? be an arc of 7$ in 
Bs /2(Poc) through p,. Denote 97? = {q?,q^} C dB So / 2 {p o) (see Figured]). For 
i > *o, dists ( (g t ^, (f) > <5o/3. Indeed, for i > i , the length of 7° is bounded below 
by Sq/2, as — pi\ > So/A. On the other hand, the lower bound on the injectivity 
radius implies either disti;(g~ , qf) > 1/2 or both lie in a geodesically convex region 
with 7? the minimizing geodesic connecting them. 

By Lemma HOI for any S > 0, there is an is > io so for i > is, qf € Bs{p+). 
By the one-sided curvature estimate of [9] , there exist c > 1 and 1 > e > so that 
if Ei, E 2 are disjoint embedded disks in B c r with 9Ej C dB C R and B £ r n Ej 7^ 0, 
then for all components E' x of -BrHEi that intersect -B £ _r, sup s / \A\ 2 < R~ 2 . Thus, 
for S such that < =$6 < Sq, because lim^oo sup s . nSiS( - p+ ' ) \A\ 2 — > 00, there is an 

> i(5 so for i > i' s there is only one component of B c s/ e (p+) PI Ej that meets 
Bs{p+). And thus, there is a <x; C B c $/ e (p + ) n Ej that connects qf (see Figure [3]). 

Choose 7<5 = — (5 < So- Then, for i > i' s , g<r g B 1 g(qf), and thus the component 
Ef of B 1 s(qf)(^^i that contains g+ is a disk containing <7j and thus q± . Let 1 > Si > 
be given by the weak chord arc bounds (see [TU]) and decrease S, if necessary, 
so 7<5 < ±5 Si. Then, B^.^gt) is a disk, and so Ef C B^* g _ x (qf), by the 

weak chord-arc bounds. Thus, for i > i' s and 5 sufficiently small, dists i (qf , q^/) < 
"fSSi 1 < So/3, which gives a contradiction. 

□ 
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Theorem 11.41 will follow from these uniform curvature bounds as long as one 
further point is addressed. Namely, we must verify uniform area bounds for the 
sequence. For embedded minimal disks this follows immediately from Lemma 3.1 
of [7]. For the more general surfaces we consider, one must use a type of chord-arc 
bound, the details of which are in Lemma C.3 of [5]. 

Proof. (Theorem ll.4|) By Lemma l2.5l the curvature of the £j is uniformly bounded 
on any compact subset of R 3 . Pick Rj > A with Rj — > oo and let E^ denote the 
connected component of Ej fl -8^.(0) containing 0. Clearly, sup E j \A\ 2 < C(j). For 

each j, Lemma C.3 of [5] implies the area of E^ is uniformly bounded. Hence, by 
standard compactness theory, for each j a sub-sequence of the E^ converge smoothly 
to an embedded, smooth minimal surface E^ with dS^ C dB^ . Diagonalizing 
this sequence, gives a properly embedded surface Eoo with E^ 1 — > Eoo- 

Notice inj e j (0) < A implies inj (0) < A, and thus E^ is not a disk. One 

may thus argue as in Appendix B of [5] to see that the E^ 1 converge to E^o with 
multiplicity 1. Roughly speaking, if the convergence was with a higher degree of 
multiplicity, one could construct a positive Jacobi function on which would force 
Eoo to be stable (by [TT]) and hence be a plane by [15]. The convergence can only 
decrease the genus, so using Lemma I2TT1 one sees S M G £(e',g') where < g' < g 
and < e' < e + g. Finally, doing the same with other components of Br } n Ej (if 
they exist) and noting that the only disjoint complete, properly embedded minimal 
surfaces of finite topology are parallel planes, one has Ej — ► Eoo. □ 

3. Proof of Theorem 11.31 

3.1. Scale of the genus. We define the extrinsic scale(s) of the genus: 

Definition 3.1. For E e £(l,g,R) let 

r+(E) = inf inf {r : B r (x) C Br and B r {x) fl S has a component of genus g} . 

x£B R 

We call r+(E) the outer extrinsic scale of the genus of E. Furthermore, suppose 
for all e > 0, one of the components of B r+ ^ +e (x) n E has genus g; then we say 
the genus is centered at x. 

The outer scale of the genus measures how spread out all the handles are and 
the center of the genus should be thought of as a "center of mass" of the handles. 
We also need to measure the scale of individual handles and where the smallest 
handle (with respect to this scale) is located. To that end define: 

Definition 3.2. For E e £(l,g,R) and x € B R (0) let 

r_(E, x) = sup{r : B r (x) C Br(0) and B r (x) n E is genus zero} . 

If the genus of B r (x) fl E is zero whenever B r (x) C Br(0), set r_(E, x) = oo. 

Definition 3.3. For E e £(l,g,R) let 

r_(E) = inf r_(E,x). 
xeB R (o) 

We call r_(E) the inner extrinsic scale of the genus of E. 

Remark 3.4. One easily checks that R > ? + (E) > r_(E) for E £ £(l,g,R), with 
equality holding if g = 1. When g = 1 we denote the common value by r(£). 
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3.2. Two-sided bounds on the genus. Using the no-mixing theorem of [5], we 
show that uniform control on both the inner and outer extrinsic scales of the genus 
implies a uniform lower bound on the injectivity radius. By the weak chord-arc 
bounds of [10] . uniform extrinsic control also gives a point with a uniform upper 
bound on its injectivity radius. We then apply Theorem [L4] to obtain smooth sub- 
sequential convergence to some complete embedded minimal surface in R 3 . The 
uniform bound on the outer scale of the genus implies this limit must be a genus 
<?-helicoid. 

Lemma 3.5. Fix < a < 1 and g £ Z + . Then there exists Rq > 1 and 1 > Sq > 
depending only on a and g so: //£ £ £(l,g,R) with R > Rq, 1 = ?*-(E) > ar+(£), 
and the genus o/£ is centered at 0, then as long as B$ (x) C Br, every component 
of P>s (x) n S is a disk. 

Proof. Suppose the lemma was not true. Then, there exists a sequence of surfaces 
£$ G £(1, g, Ri) with 1 = r_ (£j) > ar+(Ej), Ri — > oo, and the genus of £j centered 
at 0. Further, there exist points Xi and a sequence Si — > so that one of the 
components of Bs ( (xi) H £$ is not a disk. Notice for fixed a; and r, if B r (x) n 
-Bq-^O) = with i large enough so B r (x) C 5r ; , then each component of B r (x) n 
Ei is a disk. Thus, we may assume Xi £ B^^a- 1 - Because uniform curvature 
bounds would imply a uniform extrinsic scale on which £, is graphical, we see that 
su Pb 2 _in£i l^l 2 — * 00 • Hence, by Theorem 0.14 of [5], up to to a sub-sequence, 
the £, convergence to a singular lamination C. 

Let us now determine C and see that this gives a contradiction. By possibly 
passing to a further sub-sequence, we may assume that Xi — ► Xoq. Pick ig large 
enough so that \xi — x^ + Si < 1/8 for all i > ig. Then for i > ig, Bg^i) C 
-Bi/2( a:: oo) and thus -B!/2(^oo)nEi contains a non-disk component. Asr_(£i) > 1/2, 
this component has genus zero. Hence, the boundary of this component is not 
connected, and so is a point of S nec k of the lamination C (sec Definition IA.2I) . 

For any ball B r (x) with B r (x) n B a -i(0) = and i large enough so B r (x) C 
_B fl ./ 2 (0), one has that all components of B r {x) O Ej are disks, and thus the maxi- 
mum principle and the no-mixing theorem of [S] imply that the singular set iS of C is 
contained in B a -i (0). As a consequence, one may rotate so that C C {\xs\ ^o^ 1 }. 
Thus, for any k £ N there is an i& so that for i > ifc, Ej n Bk C { 1^3 1 < 2a -1 } and 
i?,: > fc 2 . Now set Efc = rEi fe , so E^ is a new sequence with the genus still centered 
at 0, <9E fc n Bfc(0) = 0, r+(E fe ) < a^Vfe -> 0, and E ; n S x C {|x 3 | < 2(afc)~ 1 } 
for I > /c. Clearly the curvature in B 2a -i is still blowing up and so by possible 
passing to a sub-sequence we have convergence to a singular lamination C. But 
r+(Efe) — > implies that £ S u i sc . However, E; n B\ converges (in a Hausdorff 
sense) to {2:3 = 0} fl B\, contradicting the convergence of Theorem 0.9 of [5]. □ 

We now bound the injectivity radius of E above in terms of r+(£). 

Lemma 3.6. There exists R ,A with R > 5A > 10 > 0, so: //Eg £(l,g,R), 
where R > Rq, and one of the components, o/Efl -62(0) has positive genus, 
then the injectivity radius at all points o/E' is bounded above by A. 

Proof. Pick < Si < 1/2 as in the weak chord-arc bounds of [10] . We claim 
that we may choose A = A/Si > 3 and R = 5A. To see this, suppose that E 
satisfies the hypotheses of the lemma for some R > Rq, and £' is a component 
of E n B 2 with positive genus, but the injectivity radius of some point x £ £' is 
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(strictly) bounded below by A. Then B\(x) is disjoint from the boundary of £ 
and is topologically a disk. Thus, the weak chord-arc bounds of [10] imply that 
the component of B^{x) n £ containing x, £^4, is contained in the disk B^, 2 {x). 
The maximum principle implies £^.4 is itself a disk; but £' C £^,4, which gives a 
contradiction. □ 

Corollary 3.7. Fix 1 > a > and let £ S £ (1, 5, i?) and suppose that 1 = r_(£) > 
(£), i? > Raa' 1 , the genus is centered at 0, and Rq, A are as above. Then there 
is a point po 6 £ n B a -i wii/i inj s(po) < Aa" 1 . 

We can now prove our desired compactness result. 

Proof. (Theorem ll.3[) By Lemma 13.51 the injectivity radius of the sequence £j is 
uniformly bounded below by 5q > 0. Moreover, by Corollary 13.71 there is a point 
Pi in the ball B a -i(0) so that inj s 4 (pj) < Aa -1 . As a consequence, we may apply 
Theorem 11.41 and obtain a sub-sequence of the £j that converges, with multiplicity 
one, uniformly in C°° on compact subsets of R 3 to some complete, embedded non- 
simply connected minimal surface £oo. The inner and outer control on the genus 
and topology of the £j carry over to the limit in the indicated manner. □ 



4. Applications 

The compactness result developed in the previous section is particularly strong 
for sequences of genus-one surfaces, as there is only one scale for the genus. Indeed, 
there are several interesting scales for genus- <? helicoids, the scale of the asymptotic 
helicoid and the scale(s) of the genus. In principle, one might expect a relationship 
between them. This is the case for genus one; however it is not clear there is such 
a connection for g > 2 - this is discussed in more detail in [1]. 

4.1. Compactness of £(1, 1). Let us now focus on the space £(l, 1), i.e. genus- 
one helicoids. To prove Theorem 11.11 we show that for any £ E £(1, 1), there is 
an upper and lower bound on the ratio between the scale of the genus and the 
scale of the asymptotic helicoid. To verify this bound and that the limit is also 
asymptotic to H, we must make a connection between the local nature of the 
convergence and global nature of the asymptotic scale. This is made by evaluating 
certain path integrals of holomorphic Weierstrass data. Indeed, we first establish 
a uniform R such that all vertical normals of each £^ (after a rotation) occur in 
Br(0). We then find annular ends T^, conformally mapped to the same domain in 
C by Zi — (xs)i + y/— 1(^3)1 and with Weierstrass data as described in Corollary 
1.2 of [2]. Finally, we use calculus of residues on dTi to establish uniform control 
on the center and radius of the genus for a sub-sequence. 

Note that Theorem 1.1 of [2\ implies that for £ S £(1, 1), there are two points 
where the Gauss map points parallel to the axis of the asymptotic helicoid. Thus, 
after translating, rescaling and rotating, any £ S £{X, 1) will satisfy the conditions 
of the following lemma. 

Lemma 4.1. Suppose £ S £(1,1), the genus o/£ is centered at 0, r(£) = 1, and 
that g, the usual stereographic projection of the Gauss map of £, has only a single 
pole and single zero. Then there is an R> 1 independent of £ so that the pole and 
zero of g lie in Br n £. 
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Proof. Suppose this was not the case. That is, one has a sequence Ej € £(1,1) 
so that the genus of each Ej is centered at 0, r(Ej) — 1, and each gi has a single 
pole and single zero, at least one of which does not lie in Bi. By rotating Ej, we 
may assume the pole does not lie in Bi. By Theorem 11.31 a sub-sequence of the 
Ej converge uniformly in C°° on compact subsets of IR 3 , with multiplicity 1, to 
Eoo S £(1,1) where r(E oc ) = 1. 

Now consider <?oo : Eoo — > C; it has at least one zero. Suppose 1700 has more than 
one zero and call two such zeros q\ , q 2 € E^ . For So as in Lemma 13.51 denote by 
cr^j a closed, embedded curve in the component of Bg / 2 (qj) H Eoo that contains 
qj, chosen so that tr^ surrounds qj but neither surrounds nor contains any other 
pole or zero of <?oo- Additionally, we choose the two cr^ to be disjoint. Thus, 

Jiy-L goo v 

By the convergence, there are simple, closed curves a\ (j = 1,2) in Ej so that 
a\ converges smoothly to a^. Let D\ C Ej denote a disk such that dDj = u\. 
For large enough i, D\ n D\ = 0. There is at most one zero of gi in Uj = i, 2 Df 
and the pole of <?j lies outside Bi. Thus, there exists i' such that, for i > i', either 
f ff i = or the same is true for af. Letting i — > 00 gives a contradiction; so t/00 
has only one zero. By Proposition 4.2 of [2J, 1700 has only one pole. 

To conclude the proof, note there is an R\ such that the pole, Poo, of is in 
n Eoo. Let Coo C Eqo be a smooth, embedded, closed curve in Bs / 2 (j>oo) that 
surrounds Poo and neither contains nor surrounds the zero of g^ . Thus, J a = 

— 27Ta/— T. Then by our convergence result, there are smooth, embedded, closed 
curves <Xj C Ej H -83^/4(^00), with at converging to Coo. Note Oi is necessarily null- 
homotopic and for i large enough so tJoo C Bi/ 2 (0) we compute 27r ^_ 1 J CTj > 0- 
As i — > 00 the smooth convergence provides a contradiction. □ 

Before proving, Theorem II. 11 we establish the necessary uniform control on the 
center and radius of the genus for surfaces in £(1, 1) that are asymptotic to a fixed 
helicoid H . Throughout the following proof, we make repeated use of [2J. 

Lemma 4.2. Let Ej G £(1, 1) and suppose that all the E^ are asymptotic to the 
same helicoid, H, which has axis the x^-axis. Then, there exist C\,C 2 > and a 
sub-sequence such that 1/C\ < r(Sj) < C\ and, after a rotation, \xi(j>i)\ + \x 2 (pi)\ < 
C 2 , where pi is the center of the genus of each E^ . 

Proof. Translate each E, by — pi so that the genus of each of the E$ is centered at 
0. Then rescale each Ej by a, so that after the rescaling r(E,) = 1. Thus, each 
rescaled and translated surface Sj is asymptotic to the helicoid Hi = on(H '—p%). By 
Theorem 11.31 passing to a sub-sequence, E, converges uniformly on compact sets 
to Eoo S £(1, 1) with multiplicity one. By Corollary 1.3 of [2], Eoo is asymptotic to 
some helicoid i?oo- Since each Ej is asymptotic to Hi, which has vertical axis, the 
stereographic projection gi of the Gauss map of Ej has exactly one pole and one 
zero. Thus, as in the proof of Lemma |4. 11 we can conclude the same for Eoo- 

As each Ej satisfies the hypotheses of Lemma 14.11 there exists an R such that 
both the zero and pole of gi (i < 00) lie on the component, E°, of -Br(O) n Ej 
containing the genus. Thus, Tj = Ej\E? is an annulus and gi has no poles or zeros 
in Tj. Hence, by the arguments of Section 4 of [2J, z% = (%3)i + \f— 1(3:3) j : Tj — > C 
and fi = logc/j : Tj — > C are well-defined. (Here (0:3), is £3 restricted to Ej and 
(X3)* is the harmonic conjugate of (23^.) Corollary 1.2 of [2] tells us that fi(p) = 
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V— T\iZi(p) + Fi(p) where Aj determines the scale of Hi and Fi(p) is holomorphic 
on Ti and extends holomorphically to oo with F(oo) = 0. 

Let Ac = {z e C : \z\ > C}. By suitably translating (x 3 )*, A C i 2 C 2oo(roo) for 
C > 0; thus there exists ?o such that, for i < i < oo, Ac C 2i(r,). By precomposing 
with z~ x , we may think of fi as a holomorphic function on Ac- If u is the standard 
coordinate of C restricted to Ac, then for iq < i < oo, fi(u) = \/—l\iU + Fj(it) 
where Fi is holomorphic and extends holomorphically and with a zero to oo. There 
is an R' > R so that {p € Too : |£oo(p)| < 2C} C Fr/; thus, by perhaps increasing 
io, for io < i < oo, {p g Ti : |zj(p)| < 2C} C R2R 1 ■ As a consequence, the uniform 
convergence of Si to Sqo implies that for 7={m:|w| = |C}c Ac, fi — > /oo in 
C°°(7). On the other hand, the calculus of residues implies that for z < i < 00, 

(4.1) = -27rAi 

and hence we see immediately that Aj — > Aoo > 0. Since the initial helicoid if had 
some Xh associated with its Weierstrass data, this gives an upper and lower bound 
on the rescaling of each initial thus producing the necessary C\. 

Since each Fi is holomorphic on Ac with a holomorphic extension to 00 (and a 
zero there), we can expand in a Laurent series, i.e. for every u <G Ac one has 

00 

(4-2) 

where this is a convergent sum. Thus, for i < i < 00 

(4.3) I fii^u^du = 2nV^laij 

and hence lim^oo a^j = a^j. Thus, F, — > F^ uniformly in {u : 2C < |u| < 00}. 

The Weierstrass representation implies that Hi converge to H^ and hence that 
xi(pi) — ► xi(poo) and X2(Pi) — » a?2(Poo)- This produces the necessary bound, C2, 
on the distance between the center of the genus and the axis of the initial helicoid 
H. Indeed, the convergence F, — > Foo implies there is a uniform Co so that for 
u > 2C and i < * < 00, one can write Fi(u) — + F(m), where |F(u)| < ^ 
and |<Xi,i I < Co- Recall the Weierstrass representation gives that 

(4.4) dx\ — \T-idx 2 — g~ x dh — gdh, 

where dh = dx 3 + sf^ldx^ is the height differential. Integrating this form along 
{* + (V^T)O : * e [3C, ti] } C Ac, gives: 

/•ti 

(4.5) {(xiUh) - (xJiQC)) - V=l({x 2 )i(ti) - {x 2 )i{2>C)) = / Ji(t)dt 

where J;(i) = e -v / =T(A i t+imF i (t))( e -ReF i (t) _ e Ro F t (t)y For c sufficicnt i y i arge; 
|Fi(i)| < 1/2 and so expanding in a power series, 

(4.6) Ji{t) = _2 e -v^TA it R^i + G . [t) 

where here \G l {t)\ < 

The first term is a convergent (as t\ — > 00) oscillating integral while the integral 
of Gj(t) is absolutely convergent. Thus, there exists a C 2 depending only on Co 
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(and in particular independent of ti, i) so, for io < i < oo, on each Ej, 
(4.7) |(a:i)i(ti) - (*iM3C)| + |(s 2 )<(ti) - (x 2 )i(3C)\ < C 2 . 

Recall the translated surfaces Ej have genus centered at zero. Since one finds the 
axis by letting t\ — ■+ oo, the above bound shows each translated surface has axis 
a uniform distance from the origin. Thus, the original center for each genus, Pi, 
satisfies the desired uniform bound. □ 

The previous lemma tells us that for any sequence of surfaces in £(1,1), as- 
ymptotic to a fixed helicoid, there is a sub-sequence with the scale of the genus 
uniformly controlled and the center of the genus lying inside of a cylinder. With 
this information, we can now show Theorem ll.il 

Proof. By the previous lemma, we know that there exists an R > and a sub- 
sequence Ej such that r(Ej) — > r M > and the genus of these Ej is centered in a 
cylinder of radius R. Translate the surface parallel to the axis of the cylinder by 
some Vi so the genus is centered in Br(0). Use Theorem 11.31 to show that there is 
a sub-sequence so Ej — vt — > Eoo <E £(1, 1), which is asymptotic to some helicoid. 
The integral (|4.1j) implies this helicoid is H. If limj_ (00 |uj| < oo then Eoo 6 £(1, 1), 
and if lim^oo \vi\ = oo then E^ = H. □ 

4.2. Geometric Structure of £(1, 1, R). Theorem 1.1 of |2j gave an effective de- 
scription of disks with large curvature by comparing them with helicoids. Theorem 
11.31 allows us to do the same for elements £(1,1, R). 

Theorem 4.3. Given e > and R > 1 there exists an R' = R'(e,R) > R so 
that: if E € £(1, 1, R') with r(E) = 1 and the genus of E is centered at 0, then the 
component of -Br(O) H E containing the genus is bi-Lipschitz with a subset of an 
element of £(1, 1) and the Lipschitz constant is in (1 — e, 1 + e). 

Proof. The proof follows by contradiction exactly as in the proof of Theorem 1.1 
of [3j with two very minor differences. First, Theorem 1.3 of this paper replaces 
the convergence to Eoc outlined in that proof. Second, by Theorem 1.1 of [2], 
C = sup Soo |A| < oo and so for any e, we find a smooth vi defined on a subset of 
Eqo so that C\vi\ + iVsoo^il < e and the graph of z/$ is the component of Ej D Br> 
containing the genus. For details, see Section 6 of [3]. □ 

Appendix A. The lamination theory of [5] 

In [5] , Colding and Minicozzi generalize their lamination theory for minimal disks 
- i.e. Theorem 0.1 of [9] - to arbitrary sequences of minimal surfaces of fixed, finite 
genus. To do so, they must allow for a more general class of singular models, as is 
clear from considering a rescaling of the catenoid. Surfaces modeled on the neck of 
a catenoid form an important class, one that is characterized by having genus zero 
and disconnected boundary. Another important class, especially for our purposes, 
are surfaces of finite genus and connected boundary. This second class of surfaces, 
because they have connected boundary, turn out to be structurally very similar to 
disks. Indeed, most of the results of [51 [71 [HI [2] hold for them (in a suitably form) 
and with only slight modifications of the proofs; this has important ramifications 
for lamination theory. 

We first briefly discuss the most general lamination result of [5] - Theorem 0.14. 
Suppose Ej is a sequence of embedded minimal surfaces with fixed, finite genus and 
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<9S; C B^ with Ri — > oo . Colding and Minicozzi show that if the curvature of the 
sequence blows up at a point i/6K 3 (i.e. if for all r > 0, sup^ sup Br ( g ) nEi \ A\ 2 = oo), 
then after a rotation, a sub-sequence Si converge to the singular lamination C\S 
in the C a topology (a £ (0, 1)) and the curvature blows precisely at points of S. 
Here C — {x% = i}tex, {%3(y) : y £ S} = X a closed subset of R 3 . Notice little 
global information about the limit lamination is given; this contrasts with the case 
for disks where T = R and S is a Lipschitz graph over the a^-axis - in fact a line. 

More generally, the topology of the sequence can restrict X and give more in- 
formation about convergence near S and the structure of S. To make this precise, 
we distinguish between two types of singular points y £ S. Heuristically, the dis- 
tinction is between points where on small scales near the point all the Si are disks 
and points where on small scales near the point all the Si contain necks. This is 
the exact description if the genus of the surfaces is zero, but must be refined for 
sequences with positive genus. Following [5], we make this precise for a sequence 
Si converging to a lamination C with singular set S: 

Definition A.l. We say y £ S is an element of S u i sc if there exist both r > fixed 
and a sequence r*i — > such that B r (y) D Si and B ri (y) n Si have the same genus 
and every component of B Ti (y) n Si has connected boundary. 

Definition A. 2. We say y £ S is an element of S nec k if there exist both r > 
fixed and a sequence n — > such that B r (y) fl Si and B n (y) n Si have the same 
genus and B Ti (y) (~l Si has at least one component with disconnected boundary. 

For instance, if the Si are the homothetic blow-down of a helicoid or genus-one 
hclicoid, then is an element of S u i sc , whereas if the Si are the homothetic blow- 
down of a catenoid then is an element of S nec k- Colding and Minicozzi show that 
near a point of <S U ; SC or S nec k these examples model the behavior of the convergence. 

A major result of [5] refines the general compactness theorem based on more 
careful analysis of the topology of the sequence. One important example is the 
no-mixing theorem (i.e. Theorem 0.4 of [5]), which states that, up to a passing to 
a sub-sequence, either S = S u i sc or S = S nec k- This is particularly important as 
ULSC sequences (i.e. sequences where S = S u i sc ) behave much like disks. Indeed, 
Theorem 0.9 of [S] states: 

Theorem A. 3. Let S s ; C Bn t = B^iO) Cl 3 be a sequence of compact embedded 
minimal surfaces of fixed genus with 9Si C dB^ where R4 — * 00. Assume the 
sequence Si is ULSC. Z/sup BinS . \A\ 2 — > 00, then there exists a sub-sequence Sj, 
a foliation C = {2:3 = t} t of K 3 by parallel planes, and a closed nonempty set S in 
the union of the leaves of C such that after a rotation of R 3 : 

(1) For each a £ (0, 1), Sj\«S converges in the C a -topology to C\S. 

(2) Sup Sr ( x ) nE . \A\ 2 — > 00 as j — » 00 for all r > and x £ S. 

(3) S is orthogonal to the leaves of the lamination and is either the union of 
two disjoint lines Si and S2, or is a single line. 

(4) Away from S, each S-,- consists of exactly two multi-valued graphs spiraling 
together. Near S the pair of multi-valued graphs form double spiral stair- 
cases with opposite orientations. Thus, circling only one component of S 
results in going either up or down. Lf S — Si U S2 then the multi-valued 
graphs are glued so that a path circling both Si and S2 closes up. 
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Remark A. 4. The situation with two singular sets is modeled on the degeneration 
of the Ricmann examples. As such the limit can be thought of as having "infinite" 
topology. This is made rigorous by noting that for R > large enough so B R / 2 (0) 
intersects both singular lines, then (H|) implies that for any / S Z + for i sufficiently 
large -Br(O) n Si has a component with at least / boundary components. 
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